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I did this interesting calculus problem with a student last week.

Question.

Given:

f(x) = x2 + 1

and:
g(x) = −x2 − 1

Find all of the tangents that f and g have in common.

Solution.

A great place to start is to have a look at the graphs for f(x) and g(x) on the same set of axes:

−5 −4 −3 −2 −1 1 2 3 4 5

−7

−6

−5

−4

−3

−2

−1

1

2

3

4

5

6

7

x

y

1



Since lines are characterized by their slopes, we should have a look at some derivatives of f(x) and g(x):

f(x) = x2 + 1 g(x) = −x2 − 1

f ′(x) = 2x g′(x) = −2x

Easy enough. The only other requirement is that whatever tangent lines we draw, they must touch both graphs
at the same time. Take a moment to see that if the y-intercept of those lines is anything other than zero, the lines
cannot be tangent to both parabolas; not possible.

So, we’ll have two lines, say, y1 and y2:

y1 = 2x (tangent to f(x))

y2 = −2x (tangent to g(x))

and all we really want to do is find where y1 intersects both parabolas and where y2 intersects them, too. We can
codify this as two pairs of equations:

f(x) = y1 f(x) = y2

g(x) = y1 g(x) = y2

Looking at the first pair:

x2 + 1 = 2x (substitute)

−x2 − 1 = 2x (substitute)

x2 + 1 = 2x

x2 + 1 = −2x (divide by −1)

Rearranging, this leaves us with two quadratics:

x2 − 2x+ 1 = 0

x2 + 2x+ 1 = 0

(x− 1)2 = 0 (factor)

(x+ 1)2 = 0 (factor)

Solving each, we see that the solutions are x = ±1, that is, for the tangent line whose equation is y1 = 2x, the
line touches both parabolas where x = ±1.

We can solve the second pair of equations (the ones where the tangent line is y2 = −2x) similarly, and the answers
are also x = ±1.

Our final picture of the graphs, with points of intersection labeled, looks like:
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Done.

Reporting errors and giving feedback

I am so pleased that you have downloaded this study guide and have considered the techniques herein. To that
end, I am the only writer and the only editor of these things, so if you find an error in the text or calculations,
please email me and tell me about it! I am committed to prompt changes when something is inaccurate. I also
really appreciate it when someone takes a moment to tell me how I’m doing with these sorts of things, so please
do so, if you feel inclined.

My email address is: phil.petrocelli@gmail.com.

Please visit https://mymathteacheristerrible.com for other study guides. Please tell others about it.

Please donate

I write these study guides with interest in good outcomes for math students and to be a part of the solution. If
you would consider donating a few dollars to me so that these can remain free to everyone who wants them, please
visit my PayPal and pay what you feel this is worth to you. Every little bit helps.

My PayPal URL is: https://paypal.me/philpetrocelli.

Thank you so much.
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