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This problem is all about skillful use of the properties of rhombuses.

Question.
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Given rhombus ABCD, prove:

AB2 +BC2 + CD2 +DA2 = AC2 +BD2

Solution.

Pretty innocuous statement of the problem, but, as it turns out, the fact that the problem states that ABCD is
a rhombus tells us lots of things about this figure. Let’s label:
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In addition, the diagonals of a rhombus are perpendicular, so the angles around point O are all right angles,
leaving us with four congruent right triangles. This is going to be the basis of our proof. We have one bit of given
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information: ABCD is a rhombus. That’s enough to start our proof. We can start with a few simple things:

AB = BC = CD = DA (Definition of rhombus) (1)

BD ⊥ AC (Diagonals of a rhombus are perpendicular bisectors of each other) (2)

AO = CO (Definition of bisector) (3)

BO = DO (Definition of bisector) (4)

AO + CO = AC (Segment addition) (5)

BO +DO = BD (Segment addition) (6)

AC = 2 ·AO = 2 · CO (Substitution, using 3) (7)

BD = 2 ·BO = 2 ·DO (Substitution, using 4) (8)

AB2 = AO2 +BO2 (Pythagorean Theorem) (9)

BC2 = BO2 + CO2 (Pythagorean Theorem) (10)

CD2 = CO2 +DO2 (Pythagorean Theorem) (11)

DA2 = DO2 +AO2 (Pythagorean Theorem) (12)

OK, this is where some of the magic begins:

AB2 +BC2 + CD2 +DA2 = 2 ·AO2 + 2 ·BO2 + 2 · CO2 + 2 ·DO2 (Addition of 9, 10, 11, 12) (13)

= 2 ·AO2 + 2 ·BO2 + 2 ·AO2 + 2 ·BO2 (Substitution, using 3, 4) (14)

= 4 ·AO2 + 4 ·BO2 (Combine like terms) (15)

= (2 ·AO)2 + (2 ·BO)2 (Rewrite) (16)

= (AO + CO)2 + (BO +DO)2 (Substitution) (17)

= AC2 +BD2 (Substitution) (18)

So, we have successfully proven:

AB2 +BC2 + CD2 +DA2 = AC2 +BD2

by skillful manipulation of the properties of rhombuses.

Done.
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Reporting errors and giving feedback

I am so pleased that you have downloaded this study guide and have considered the techniques herein. To that
end, I am the only writer and the only editor of these things, so if you find an error in the text or calculations,
please email me and tell me about it! I am committed to prompt changes when something is inaccurate. I also
really appreciate it when someone takes a moment to tell me how I’m doing with these sorts of things, so please
do so, if you feel inclined.

My email address is: phil.petrocelli@gmail.com.

Please visit https://mymathteacheristerrible.com for other study guides. Please tell others about it.

Please donate

I write these study guides with interest in good outcomes for math students and to be a part of the solution. If
you would consider donating a few dollars to me so that these can remain free to everyone who wants them, please
visit my PayPal and pay what you feel this is worth to you. Every little bit helps.

My PayPal URL is: https://paypal.me/philpetrocelli.

Thank you so much.
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