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Right triangles are governed by a few simple rules, most important of which is the Pythagorean
Theorem. What happens when solving for the sides of the triangle produces a system of equations?

Question.

One of the legs of right triangle △ABC is 2 units less than the hypotenuse and 7 units longer than the
other leg. What are the side lengths of the triangle?

Solution.

Let’s start with a properly-labeled diagram:

A

B

C

a = c− 2 = b+ 7

b

c

We know the following about side a, the vertical side in our diagram:

a = c− 2 (1)

a = b+ 7 (2)

So, we can write the Pythagorean Theorem for △ABC in a few ways:

c2 = a2 + b2 (3)

c2 = (c− 2)2 + b2 (substitute, 1) (4)

c2 = (b+ 7)2 + b2 (substitute, 2) (5)
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We see that items (4) and (5) form a system of equations:

c2 = (c− 2)2 + b2

c2 = (b+ 7)2 + b2

Now we can subtract:

0 = (c− 2)2 − (b+ 7)2

(b+ 7)2 = (c− 2)2

b+ 7 = c− 2 (∗Take only positive sq roots; can’t have negative side lengths!)

If we look at (4), we see that it is a good candidate for substitution, as all we need is an expression for b that is
in terms of c. So:

b+ 7 = c− 2

b = c− 9 (solve for b)

Now:

c2 = (c− 2)2 + (c− 9)2 (substitute, 4)

= (c2 − 4c+ 4) + (c2 − 18c+ 81) (expand)

= 2c2 − 22c+ 85 (simplify)

c2 = 2c2 − 22c+ 85

0 = c2 − 22c+ 85 (subtract c2 from both sides)

Hm. I didn’t want to bother factoring that expression - too much work. This is where completing the square
comes in handy. Note that the coefficient of c2 is 1. That’s a good condition for easy completing the square. The
constant term, 85, is problematic. Subtract 85 from both sides:

−85 = c2 − 22c

Now we take the b term (-22), divide it by 2, then square it, giving us 121. Add 121 to both sides:

121− 85 = c2 − 22c+ 121

This turns a rough problem into one that is somewhat easier when we simplify:

121− 85 = c2 − 22c+ 121

36 = (c− 11)2 (clean up both sides, then factor)

±
√
36 = c− 11

±6 = c− 11

c = 11± 6

So c can be either 11− 6 = 5 or 11 + 6 = 17. Substituting these values into (1), we get:

b = c− 9

= 5− 9

= −4
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Or

b = c− 9

= 17− 9

= 8

Note that we have to throw out b = −4, since we cannot have a negative side length, which also means that we
have to throw out c = 5, leaving us with c = 17 and b = 8 so far.

Using (2) we can find a:

a = c− 2

= 17− 2 (substitute)

= 15

So we have our three values:

a = 15

b = 8

c = 17

We can check our answer where we started: by using the Pythagorean Theorem.

c2
?
= a2 + b2

172
?
= 152 + 82

289
?
= 225 + 64

289
?
= 289

289 = 289

Done.
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Reporting errors and giving feedback

I am so pleased that you have downloaded this study guide and have considered the techniques herein. To that
end, I am the only writer and the only editor of these things, so if you find an error in the text or calculations,
please email me and tell me about it! I am committed to prompt changes when something is inaccurate. I also
really appreciate it when someone takes a moment to tell me how I’m doing with these sorts of things, so please
do so, if you feel inclined.

My email address is: phil.petrocelli@gmail.com.

Please visit https://mymathteacheristerrible.com for other study guides. Please tell others about it.

Please donate

I write these study guides with interest in good outcomes for math students and to be a part of the solution. If
you would consider donating a few dollars to me so that these can remain free to everyone who wants them, please
visit my PayPal and pay what you feel this is worth to you. Every little bit helps.

My PayPal URL is: https://paypal.me/philpetrocelli.

Thank you so much.
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